We analytically explore in this paper the consumer return policy under fashion mass customization (MC) program. To be specific, we model the stochastic fashion MC program with the consideration of consumer demand uncertainty. If a consumer return policy is implemented, we further consider return uncertainty. By modeling the optimization objective of the risk averse MC fashion brand via a mean-variance approach, we derive the closed-form optimal solution under each case. We then conduct both analytical and numerical sensitivity analyses. For the scenario with full refund and return, we reveal the analytical conditions under which the optimal retail price and the optimal number of options available for customization (called the "optimal modularity level") vary monotonically with respect to the salvage value and the return service charge. For the scenario when there is no refund and return, we show that the optimal retail price and the optimal modularity level are decreasing in the MC fashion brand's degree of risk aversion, the demand uncertainty, and the price-demand sensitivity coefficient. In addition, our numerical analysis indicates that whether the risk averse MC fashion brand would prefer offering consumer return with full refund to no return depends heavily on the demand-return correlation (DRC) parameter.
Introduction
Mass customization (MC) is an industrial practice which helps to manufacture customized products to satisfy consumers' needs with a cost close to mass production [1] [2] [3] [4] [5] [6] [7] in a timely manner [8] [9] [10] . In the fashion industry, as driven by the consumer needs [11] [12] [13] , the advances of production and information technology [14] [15] [16] [17] [18] [19] [20] [21] and the increasingly competitive market situation [22] [23] [24] [25] , MC has developed to be a very popular industrial practice [17, 26] and a lot of fashion retail brands and fashion retailers are implementing it. In fact, we can find MC in nearly all kinds of wellestablished fashion brands, from high-end luxury brands (Hermes, LV, etc.) to mass-market labels (Adidas, Nike, Puma, Brooks Brothers, etc.) (see [8, 27] for more cases and empirical details). However, fashion brands offering MC services face some challenges, and it is known that big name retailers/brands like Levi's and Lands' End have already terminated their MC programs for different reasons.
In recent years, there are more and more analytical studies on fashion MC and some of them concern about consumer returns. In particular, Liu et al. [28] develop a three-dimensional optimization problem and analytically derive the optimal decisions on retail price [29] , modularity level [30] [31] [32] , and refund rate (under consumer return [33] ). From both analytical and numerical analyses, they obtain several important findings and insights. Among others, they argue that the degree of risk aversion of the fashion MC service provider is an influential factor affecting the respective optimal decisions. In addition, Choi [34] studies the optimal return service charging policy for fashion retailers offering MC. He develops the closed-form analytical conditions under which it is optimal for the fashion MC service provider to provide free return service charge to consumers.
In the fashion industry, the adoption of consumer return under the MC service program is very polarized. Actually, we find that the fashion MC brands either simply do not 2 Mathematical Problems in Engineering allow any consumer return or they would allow full refund in the return policy. For example, the international brand Nike is implementing MC and it allows consumer return with full refund for its NIKEiD products. (p.s.: Nike makes it clear on its website that under its NIKEiD MC program, any consumer can return the MC products (with any reasons) within 30 days of purchase if they want to.) However, many other similar sporty fashion brands do not allow return for MC products (except for those with manufacturing defects or quality problems).
In light of the above industrial observation and based on the prior studies in the literature, we examine in this paper the optimal retail pricing and modularity level decisions for a risk averse MC fashion brand (p.s.: an MC fashion brand is a fashion brand which is offering MC.) for both scenarios with and without consumer return. We study the optimal pricing and modularity level decisions under each scenario. We analytically reveal that a linear relationship exists between the optimal price and the optimal level of modularity under both scenarios. We also show analytically how the optimal pricing and level of modularity decisions relate to some important model parameters. After that, we explore the factors which will affect the risk averse MC fashion brand's decision on when to offer consumer return with full refund. We find that whether it is optimal for the risk averse MC fashion brand to offer consumer return with full refund or no return depends critically on the demand return correlation coefficient.
The rest of this paper is organized as follows. We review the related literature concisely in Section 2. We present the analytical models in Section 3. We derive the optimal decisions in Section 4. We conduct numerical sensitivity analysis in Section 5. We conclude and discuss future research directions in Section 6.
Literature Review
MC is an important make-to-order/build-to-order [32, 35] business strategy widely adopted in fashion retailing. In fact, MC helps consumers to develop customized products [36] and participate in the codesign process [37] which is a known means of cocreating value [38, 39] . It is also a popular topic in operations management (see [40] for a relatively recent review) and both empirical and analytical studies are reported in recent years. For example, Peters and Saidin [16] explore via a case study approach the challenges of MC implementation. They study the critical factors which drive the service provider to adopt MC. They discuss the challenges behind the MC implementation in the service sector. They further propose a novel framework which can help the service provider to offer MC. Gu et al. [41] develop an optimization model to describe the implementation of MC as a gradual process. They derive two optimization methods to find the optimal customization quantity. They indicate that their proposed methods can successfully reduce the amount of customized items in every part of the overall production process and hence enhances the efficiency of MC. Helms et al. [42] examine e-commerce and knowledge management and identify how they can support MC. They find that e-commerce provides capabilities for the MC service provider to reach global market and helps in learning about customer preferences. They reveal that knowledge management can help manage the intellectual capital. They argue that both e-commerce and knowledge management can significantly improve the implementation of MC. Bock [43] studies the pros and cons on employing off-shore and near-shore production strategies under MC. He proposes a mixed-model assembly line balancing approach to provide a direct comparison of the estimated variable manufacturing costs by generating a location-based line layout for all competing locations. He runs several tests with various location configurations and identifies the factors which affect the optimal sourcing and production strategy for the MC company. Brun and Zorzini [44] investigate the relationships between postponement and modularization under MC. They examine the industrial cases in Italy with a case study approach. They reveal that product/process customization and product/process complexity are critical factors which affect the postponement and modularization relationship. Yao and Liu [45] study an interesting problem on how companies handle the probable contradiction between scale production effect and customized demand under MC. They develop a dynamic multiobjective optimization model and derive effective algorithm to solve it. They test their proposed algorithm by simulation and show that their proposed algorithm can enhance the scheduling efficiency under the MC program. Most recently, motivated by a typical MC production company that has an inefficient scheduling operations problem, Zhong et al. [46] examine the applicability of an RFID-enabled manufacturing execution system (MES) for MC. In their proposed MES, the RFID-based devices are deployed on the shop floor to keep track of the production data. As a result, they find that both operational planning and scheduling decisions become enhanced. They conduct a case study and conclude that their proposed MES is effective.
In the domain of fashion apparel, MC has also been extensively studied. For example, Dong et al. [1] discuss how MC can be implemented and integrated with the mass production line to achieve high quality and low price fashion products. Ulrich et al. [37] study the consumer-to-design scheme of fashion products under MC and generate a number of interesting insights. Yeung and Choi [27] explore the implementation of MC in the Hong Kong apparel industry. They identify a few barriers which hinder the development of fashion MC in markets like Hong Kong. Choi et al. [47] conduct a mean-variance analysis of the fashion MC program with consumer return. Based on the assumption that the consumer demand function is independent of the return service charging policy, they derive a couple of counterintuitive findings. Liu et al. [28] study the optimal retail pricing, refund, and modularity decision making problem for a fashion mass customization system. They obtain several important insights via extensive sensitivity analysis.
Based on the above reviewed literature, this paper conducts an analytical research on MC program with a risk averse fashion brand under the mean-variance framework [48, 49] . This paper is related to [28, 32, 47] because they all consider optimal decisions related to retail pricing and modularity. However, this paper is different from [28, 32] in which the demand and return uncertainty models are different and this paper focuses on examining the polarized strategic decisions on allowing consumer return with full refund or disallowing return at all whereas [28, 32] focus on the optimal operational decisions on price, modularity, and refund rate. This paper is also different from [47] because we argue that demand must relate to the return service charge whereas [47] assumes consumer demand independent of return service charge. Finally, this paper is also different from [34] because these two papers have totally different optimal decisions and the research objectives are also different.
Analytical Models
In this paper, we consider a risk averse MC fashion brand which sells an MC fashion product directly to consumers via an online platform (e.g., the MC retailing website). The whole process is a make-to-order type and the fashion brand will start producing the product after receiving the order from the consumer. In this paper, we consider the situation that the MC fashion brand makes a few important decisions, namely the retail price of the MC product (p), the number of options available for customization (we call it the level of modularity of the product (m)) (notice that this product modularity is different from the production process modularity concept commonly explored in the literature [50] ), and whether to allow consumer return with full refund or no return. Notice that the "consumer return scheme" here refers to the product return from consumers who are unhappy with the purchase with any reason (probably within some reasonable time, such as one month), but it is not related to the situations with manufacturing mistakes, defects, or other product quality problems. As widely observed from the industrial practice in the fashion apparel industry, the MC fashion brands are adopting very polarized measure on consumer return: they either disallow return (i.e., no return, no refund) or accept return with full refund. Based on this industrial practice, we first represent the amount of refund under the consumer return policy by r. Thus, a full refund under the consumer return scheme implies r = p, and the no return scheme has r = 0.
Following [28, 32] , we construct the following analytical models in two separate scenarios, namely "full refund under consumer return" and "no consumer return. " The notation employed in this paper basically follows the literature [28, 32, 34] .
Full Refund under Consumer Return
Demand function:̃1 = − + + +̃, ( > ); (p.s.: notice that this price dependent function is very commonly employed in the literature, see, e.g., [25, 51] .) Return quantity function:̃= + +̃;
Salvage value: ( ) = + V ;
Modularity cost:
Since under the consumer return scheme, we assume a full refund will be granted for each return, we have the rate of refund r = p. Thus
(p.s.: we use subscripts 1 and 2 to represent the scenarios "with consumer return and full refund" and "no return, " respectively.)̃= + ( − ) +̃, < is the service charge. The profit function is hence expressed as follows:
We consider the scenario when the demand function and return quantity are correlated with a coefficient of correlation of . Thus, the expected profit and the variance of profit are given as follows:
Define in the following the mean-variance (MV) objective function [28, [52] [53] [54] [55] [56] [57] of the MC fashion brand, where represents the degree of risk aversion for the MC fashion brand:
In order to examine whether 1 is concave, we construct the Hessian matrix as follows: 
By checking the Hessian matrix, we can see that 1 will be a concave function of and if and only if (5) holds.
No Consumer Return.
For the scenario without consumer return, the model is much simpler because there will be no return and no salvage value of the returned product.
As such, the demand function, the modularity cost, and the profit function are derived as follows.
Demand function:̃2 = − + +̃.
The profit function is:
The expected profit and variance of profit are hence given as follows:
Similarly, we construct the MV objective function as follows:
By checking the Hessian matrix, we can see that 2 is a concave function of and if and only if (9) is satisfied as follows:
Optimal Pricing and Modularity Level Decisions
For a notational purpose, we define the following:
In order to have more analytical closed-form results, we assume in the rest of this paper that (5) and (9) hold which implies that 1 and 2 are concave functions of and . Thus, we can easily derive Lemma 1.
Lemma 1. Under the scenario with full refund under consumer return, (a) the optimal pricing and modularity level decisions are given as follows:
(b) The optimal pricing and modularity level decisions are linearly related to one another:
Lemma 1 shows the closed-form expression of the optimal decisions for the MC fashion brand when it offers full refund consumer return. Notice from Lemma 1(b) that it is very interesting to reveal analytically that the optimal pricing decision and the optimal modularity level decisions are directly proportional to one another if > 0. Despite being complicated, we can further derive Theorem 2 by checking the respective first-order partial derivatives of the optimal decisions. In parallel to the scenario with consumer return, we can derive Lemma 3 by the same logic. Lemma 3 shows the closed-form expression of the optimal decisions for the MC fashion brand when there is no consumer return. Similar to the case with consumer return, it is very interesting to note that the resulting optimal retail price is directly proportional to the optimal modularity level. In other words, Lemmas 1(b) and 3(b) both reveal that it is optimal for the MC fashion brand to charge a higher price if more options are available to consumers (as quantified by the level of modularity in the model) no matter whether the "consumer return with full refund" (p.s.: for the case with consumer return and full refund, this result holds whenever is positive) or "no return" strategy is imposed. This supplements the common belief that fashion brands can charge a premium by offering MC (compared to mass production) because of having more variety of options for consumers. With the result in Lemma 3, we can further derive Theorem 4. From Theorem 2, we can see that, for the scenario when the MC fashion brand offers consumer return, the optimal decisions on retail price and modularity level depend highly on the salvage value and the return service charge. From Theorem 4, we can observe that for the scenario when the MC fashion brand does not offer consumer return, the optimal decisions on retail price and modularity level depend highly on different market parameters such as the primary demand, the price-demand sensitivity coefficient, the modularitydemand sensitivity coefficient, and the modularity cost sensitivity coefficient; the corresponding relationships are shown in closed-form as summarized by Theorem 4.
Theorem 2. Under the consumer return policy with full refund, (a) the optimal retail price is a strictly decreasing
After we have analyzed the separate scenarios, we now examine a critical research question of this paper on whether the MC fashion brand should offer consumer return with full refund or no return. To address this question, we employ the analytical results above and define Δ ≡ 1 ( * 1 , * 1 ) − 2 ( * 2 , * 2 ). Obviously, whenever Δ is strictly positive, we
2 ) which means that it is better to implement the consumer return policy with full refund, compared to the strategy of offering no return. As such, Δ represents the amount of benefit that can be brought by employing consumer return with full refund (as compared to the no return no refund scenario) in MV domain.
Numerical Sensitivity Analysis
Owing to the complexity of the analytical expression of Δ , we have to employ extensive numerical analysis to reveal under what conditions the strategy of "implementing consumer return with full refund" will outperform the strategy of "no return and no refund. " In determining the set of numerical values in conducting the analysis, we make reference to the data set as employed in [28, 32] . To be specific, we set the parameters as in Table 1 .
We focus on analyzing how the degree of risk aversion k, the return uncertainty , and the demand uncertainty affect the value of Δ (which in turn determines the optimal strategy) because they are the most critical parameters related to the consumer return policy under MC. We also explore the problem with "positive, zero, and negative " because a different sign of can significantly affect the finding. The results are shown in Tables 2 to 4 and also plotted in Figures  1 to 3 , respectively. Notice that the numerical range of each parameter is set with reference to the conditions with which the mean-variance objective function remains concave and the optimal pricing and modularity level decisions are all feasible.
From Tables 2(a) to 2(e), it is interesting to note that the no return scenario would outperform the consumer return scenario with full refund only when and k are both big enough. In other words, when ≤ 0, consumer return with full refund is more preferred to the MC fashion brand irrespective of the degree of risk aversion. Only under the case when ≥ 0.3, for a sufficiently risk averse MC fashion brand (i.e. with a sufficiently big k), having no return is better than the case with consumer return with full refund. This result is partially intuitive as it indicates that a sufficiently risk averse MC fashion brand will prefer no return to having consumer return because the corresponding risk from consumer return is too high to bear. However, our result also indicates the important role played by the "very strong mediating factor" Mathematical Problems in Engineering which can affect the result very significantly. In addition, as observed from Figures 1(a) to 1(e) , for all cases, when k increases, Δ decreases which implies that the amount of benefit that can be brought by employing consumer return with full refund (as compared to the no return no refund scenario) in MV domain is decreasing with the MC fashion brand's degree of risk aversion.
From Tables 3(a) to 3(e), we can observe that when is small (i.e., ≤ 0.3), the consumer return scenario with full refund is the preferred choice for all values of under study. When = 1, (i) we observe that the consumer return scenario with full refund is still the preferred choice when is small. (ii) If is sufficiently high, then the no return scenario outperforms the full refund scenario. Again, similar to our prior findings, is a very important "mediating factor" which can substantially affect the optimal choice of whether to adopt no return or return with full refund when the return uncertainty varies. From Figures 2(a) to 2(e), we can observe that, (i) for < 0, when increases, Δ increases which means that the respective amount of benefit that can be brought by employing consumer return with full refund (as compared to the no return no refund scenario) in MV domain is increasing with the return uncertainty. (ii) On the contrary, for ≥ 0, when increases, Δ decreases which indicates that the effect as brought by increasing on Δ is just reverted when ≥ 0 (compared to the case when < 0). From Tables 4(a) to 4(e), it is interesting to note that the impact on the optimal choice of return policy (no return versus return with full refund) as brought by the demand uncertainty is rather similar to the return uncertainty. The consumer return with full refund scenario is the preferred choice for all demand uncertainty ( ) values under study when ≤ 0. When ≥ 0.3, we find that, (i) the consumer return scenario with full refund is still the preferred choice when is small. (ii) If is sufficiently big, the no return scenario outperforms the full refund scenario. As observed from Figures  3(a) to 3(e) , we notice that different from the case with , Δ is always a decreasing function of irrespective of whether is positive or negative. In other words, the amount of benefit that can be brought by employing consumer return with full refund (as compared to the no return no refund scenario) in MV domain is decreasing with the demand uncertainty for all .
Conclusion
In this paper, we have explored the stochastic fashion MC service programme with the consideration of consumer demand uncertainty and risk aversion of the company. We have obtained a number of important findings and insights. For example, for the scenario with full refund and return, we have derived the closed-form analytical optimal decisions in retail pricing and modularity level. We have also revealed the analytical conditions under which the optimal retail price and the optimal modularity level would vary monotonically with respect to the return service charge and the salvage value. For the scenario when there is no refund and no return, we have obtained the neat closed-form expressions of the optimal pricing and modularity decisions. Our analysis has also indicated that the optimal retail price and the optimal modularity level are decreasing in the MC fashion brand's degree of risk aversion, the demand uncertainty, and the price-sensitivity coefficient. In addition, for both scenarios, we have interestingly found that the optimal retail pricing decision is linearly proportional to the optimal modularity decision. Finally, we have discovered that whether the risk averse MC fashion brand would prefer offering consumer return with full refund to no return depends critically on the demand-return correlation parameter .
For future research, we believe that it can be done in a number of ways. First, it will be interesting to examine the MC schemes with multiple players under competition in a game-theoretic setting. Second, it will be promising to explore empirically more operational and marketing factors which may affect the demand of MC fashion products. After that, new analytical models based on the new empirical results can be constructed for further in-depth theoretical analysis.
Notation
: The unit retail price : The level of modularitỹ 1 : The market demand in the presence of consumer return with full refund 2 : The market demand in the absence of consumer return :
The service charge per return : The primary demand which depends on factors such as product quality, brand image, and the general market factors, > 0 : The price-demand sensitivity coefficient, > 0 : The (consumer return) refund-rate-demand sensitivity coefficient, > > 0 : The modularity-demand sensitivity coefficient, > 0 : A bounded continuous random variable which represents the demand uncertainty with zero mean and variance
The base return number which is independent of the refund rate, > 0 : The return number sensitivity coefficient, > 0 : The return quantity : A bounded continuous random variable which represents the uncertainty regarding the number of return with zero mean and variance
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: The modularity-cost sensitivity coefficient, > 0 V:
Theunitmodularitylevel dependent reusability value of the returned product which depends on V > 0 : Theunitreusabilityvalueofthereturned product which is independent of , > 0 (⋅): The salvage value function (⋅): The modularity cost function.
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